Abstract. We investigate curvature properties of pseudosymmetry type of hypersurfaces in semi-Riemannian spaces of constant curvature having the minimal polynomial for the second fundamental tensor of third degree. Among other things we show that the curvature tensor of such hypersurfaces satisfies some condition, which is a generalization of the Roter type equation.
Introduction
A semi-Riemannian manifold (M, g), n = dim M 3, is said to be an Einstein manifold if its Ricci tensor S is proportional to the metric tensor g, i.e., S = where w ∈ T * x M and α ∈ R. Quasi-Einstein hypersurfaces were studied among others in [9] and [12] , see also references therein. We refer to [3] for a review of results on quasi-Einstein manifolds. A semi-Riemannian manifold (M, g), n 3, is Ricci-pseudosymmetric if R · S = 0 on M . Einstein manifolds form a natural subclass of the class of quasi-Einstein manifolds, as well as of the class of Riccisemisymmetric manifolds. We also recall that semisymmetric manifolds, R · R = 0 on M [22] , form a subclass of the class of the Ricci-semisymmetric manifolds. For precise definitions of the symbols used we refer to Sections 2 and 3 of this paper and Sections 2 and 3 of [10] (see also [2] and [16] ). We mention that the problem of the equivalence of the conditions of semisymmetry (R · R = 0) and Ricci-semisymmetry (R · S = 0) on hypersurfaces in Euclidean spaces, named the SAWICZ problem of P. J. Ryan, lead to considerations of quasi-Einstein hypersurfaces (see e.g., [1] , [8] ). An extension of the class of semisymmetric manifolds form also pseudosymmetric manifolds (see e.g., [3, Sections 3 and 4] ). A semi-Riemannian manifold (M, g), n 3, is said to be pseudosymmetric if, at every point of M , the tensors R · R and Q(g, R) are linearly dependent. This is equivalent to
on U R = {x ∈ M | R − κ (n−1)n G = 0 at x}, where L R is some function on U R . Further, a semi-Riemannian manifold (M, g), n 3, is said to be Riccipseudosymmetric [3] if, at every point of M , the tensors R · S and Q(g, S) are linearly dependent. This is equivalent to ( 
1.3) R · S = L S Q(g, S)
on U S = {x ∈ M | S − κ n g = 0 at x}, where L S is some function on U S . The class of Ricci-pseudosymmetric manifolds is an extension of the class of Riccisemisymmetric manifolds, as well as of the class of pseudosymmetric manifolds [3] .
Let H be the second fundamental tensor of a hypersurface M immersed isometrically in a semi-Riemannian space of constant curvature N n+1 s (c), with signature (s, n + 1 − s), n 4, where c = κ n(n+1) and κ denotes the scalar curvature of the ambient space. Let U H ⊂ M be the set of all points at which the tensor H 2 is not a linear combination of H and the metric tensor g of M . In this paper we will investigate hypersurfaces M satisfying on
where ψ and ρ are some functions on U H . Examples of hypersurfaces satisfying (1.4) with ρ = 0 are presented [10] (see also [14] ). It is known that such hypersurfaces are Ricci-pseudosymmetric (see e.g., [5] ). Recently examples of hypersurfaces of dimension n 5, satisfying (1.4), with nonzero function ρ, were found in [21] . We refer to [17] for results related to hypersurfaces in spaces of constant curvature for which the tensor H 2 is a linear combination of H and g. Let M be a hypersurface in N n+1 s (c), n 4. We have
. We note that if (1.4) holds at x ∈ U H , then x ∈ U 1 ⊂ U H if and only if ρ = 0 at this point. We also mention that (1.4) implies (see e.g., Proposition 3.2(i))
In [20, Theorem 5.1] it is proved that (1.4) is equivalent on U 1 to
.
(1.6) is a condition of pseudosymmetry type. We refer to [3] for a survey of results related to manifolds, and in particular to hypersurfaces satisfying pseudosymmetry type conditions. Hypersurfaces M in N n+1 s (c), n 4, having the tensor R · C expressed by a linear combination of the tensors Q(S, R), Q(g, R) and Q(S, G), were investigated in [16] (see also [10] ). Among other things in [16] it was shown that such hypersurfaces M satisfy (1.5) on U H ⊂ M and in a consequence, they are Ricci-pseudosymmetric. In [14, Proposition 2.1] it is proved that every hypersurface
and rankH = 2. The last relation implies
We mention that hypersurfaces M in N n+1 s (c), n 4, satisfying (1.4) and some curvature conditions, named Ricci-type equations, were recently investigated in [19] .
We recall that the curvature tensor R of a Roter type manifold (M, g), n 4, is expressed on U C ∩ U S ⊂ M by a linear combination of the tensors S ∧ S, g ∧ S and g ∧ g, i.e., (2.5) holds on this set. Our investigations lead to a new condition for the curvature tensor R. We prove (see Theorem 3.2) that the tensor R of a 3.13) . Clearly, (2.5) is a special case of (3.13). In Section 3 we also prove (see
is equivalent to (3.6) .
In the last section we investigate hypersurfaces M in N n+1 s (c), n 4, satisfying (1.4), which are locally warped products. Among other things we prove (see Theorems 4.2 and 4.3) that under some additional assumptions we have ρ = 0. We also present curvature properties of such hypersurfaces (see Theorem 4.3).
The author would like express her thanks to Professor Ryszard Deszcz for his help during the preparation of this paper.
Preliminaries
Throughout this paper all manifolds are assumed to be connected paracompact manifolds of class C ∞ . Let (M, g) be an n-dimensional, n 3, semi-Riemannian manifold and let ∇ be its Levi-Civita connection and X(M ) the Lie algebra of vector fields on M . We define on M the endomorphisms
respectively, where A is a symmetric (0, 2)-tensor on M and X, Y, Z ∈ X(M ). The Ricci tensor S, the Ricci operator S and the scalar curvature κ of (M, g) are defined
Let B(X, Y ) be a skew-symmetric endomorphism of X(M ) and let B be a (0, 4)-tensor associated with B(X, Y ) by
where
The tensor B is said to be a generalized curvature tensor if
We define the (0, 4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal curvature tensor C by
respectively. These tensors are generalized curvature tensors. Let B(X, Y ) be a skew-symmetric endomorphism of X(M ) and let B be the tensor defined by (2.
1). We extend the endomorphism B(X, Y ) to derivation B(X, Y )· of the algebra of tensor fields on M , assuming that it commutes with contractions and B(X,
In addition, if A is a symmetric (0, 2)-tensor, then we define the (0, k + 2)-tensor Q(A, T ) by
In this manner we obtain the (0, 6)-tensors B · B and Q(A, B). Setting in the above formulas
B = R or B = C, T = R or T = C or T = S, A = g or A = S, we get the tensors R · R, R · C, C · R, R · S,
Q(g, R), Q(S, R), Q(g, C) and Q(g, S). For symmetric (0, 2)-tensors E and F we define their
Clearly, the tensors R, C, G and E ∧ F are generalized curvature tensors. For a symmetric (0, 2)-tensor E we define the (0, 4)-tensor
We also have (see e.g., [9, Section 3])
where φ, µ and η are some functions on this set. According to [6] , (2.5) 
then we say that the Roter type equation holds on U . Roter type manifolds were defined in [6] , although investigations on these manifolds were initiated earlier in [11] . If (M, g) is a Roter type manifold, then (1.2) holds on
. If (1.1) and (2.5) hold at a point of a semi-Riemannian manifold of dimension 4, then its Weyl tensor C vanishes at this point.
For a symmetric (0, 2)-tensor E and a (0, k)-tensor T , k 2, we define their Kulkarni-Nomizu product E ∧ T by [7] (
Using the above definitions we can prove 
Hypersurfaces in spaces of constant curvature
Let M , n 3, be a connected hypersurface isometrically immersed in a semiRiemannian manifold (N, g  N ) . We denote by g the metric tensor induced on M from g N . Further, we denote by ∇ and ∇ N the Levi-Civita connections corresponding to the metric tensors g and g N , respectively. Let ξ be a local unit normal vector field on M in N and let ε = g N (ξ, ξ) = ±1. The Gauss formula and the 
which by making use of (2.4) and (2.6) turns into
Q(S, G).

It is known that U H ⊂ U C ∩ U S ⊂ M (see e.g., [10, Section 2]).
Proof. As it was mentioned in Section 1, (1.4) is equivalent on U 1 to (1.6). Now (1.6), by making use of (2.7) and (3.4), is equivalent on U 1 to (3.5), which completes the proof. 
where A ij are the local components of an arbitrary symmetric (0, 2)-tensor A on U H , then (3.5) holds on this set.
Proof. (i) The relations (1.4), (3.2) and (3.3) yield (3.6). From (3.6), by symmetrization in h, i we find (3.7). Contracting (3.6) with g hk we obtain (3.8). Similarly, (3.6) implies (3.9). Further, transvecting (3.9) with g hi S ij = S h j , we get
On the other hand, transvecting (3.2) with g hi H ij = H h j and using (1.4), we obtain
This, by multiplication by ρ and an application of (3.9), yields Unbalanced parentheses! ρH
Substituting this into (3.12) we obtain (3.10).
(ii) Using (3.11) we can check that the tensor
vanishes on U H , which completes the proof.
The last two propositions imply
Proof. (1.4) , in view of Proposition 3.2, implies (3.6). Let now (3.6) be fulfilled on U 1 . Clearly, (3.6) is a special form of (3.11). Thus in view of Proposition 3.2(ii), (3.11) implies (3.5). Now Proposition 3.1 completes the proof.
then on this set we have
Proof. Our assertion is an immediate consequence of (3.2) and (3.9).
Remark 3.1. (i) In view of the last theorem we can state that the curvature tensor R of some semi-Riemannian manifolds (M, g), n 4, is expressed by a certain subset of U C ∩ U S ⊂ M by a linear combination of the tensors:
e., on this set we have
where φ 1 , . . . , φ 6 are some functions on this set. Evidently, (2.5) is a special case of (3.13). Manifolds satisfying (3.13) will be investigated in subsequent papers.
(ii) If M is a hypersurface in a semi-Euclidean space E n+1 s
, n 4, then the set
Warped product hypersurfaces
Hypersurfaces M in N n+1 s (c), n 4, which are locally warped products, and in addition, satisfying some curvature conditions on U H ⊂ M were investigated in [7] and [8] , see e.g., Theorem 4.2 of [7] . It is easy to see that without loss of generality the assumptions of that theorem: n 5 and n − p = dim N 4, respectively, can be replaced by the assumption n 4 and n − p = dim N 3, respectively. Thus we have 
where κ 2 is the scalar curvature of ( N, g ).
In the following we use notations from [7] . We have 
,
, c 0 = const .,
where κ 1 and κ 2 are the scalar curvatures of (M, g) and ( N, g) , respectively. In addition, if p 2, then
(ii) The local components of the curvature tensor R and the Ricci tensor S of (U, g) and the second fundamental tensor H of U in M which may not vanish identically on V are the following
(iv) If (1.4) is satisfied on V , then on this set we have ρ = 0 and
Proof. By making use of (8), (9), (10) and (13) of [7] we obtain on V the following relations We note that if all components of the form H αδ vanish at y ∈ V , then from (4.11) it follows that the tensor Z( R) vanishes at this point, a contradiction. Thus at every point of V at least one of the local components H αδ must be nonzero. Therefore from (4.12) we can deduce that H aγ = 0 at every point of V . Now (4.10) turns into (4.14) (7) of [7] , we obtain (4.4)(b) and (4.6). Further, (4.11) and (4.6)(a) yield (4.3)(c). Now using (4.3)(b), (4.3)(c), (4.13) and the identity κ = g ad S ad + 1 F g αδ S αδ we obtain (4.3)(d). (4.7) is a consequence of (19) and (34) of [4] , (4.6)(a) and (4.6)(b) and the identity
In the same manner as in the proof of Theorem 4.2 we can show that ρ = 0 on V . Further, in view of Proposition 3.2, (1.4) implies (3.6). Since ρ vanishes on V , (3.6) yields
Applying in this (9) of [7] , (4.3)(b), (4.3)(c) and (4.5), we can check that (4.8) holds on V . Our theorem is thus proved.
